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We study cosmological solutions in the effective heterotic string theory with a'-correction terms 
in string frame. It is pointed out that the effective theory has an ambiguity via field redefinition 
and we analyze generalized effective theories due to this ambiguity. We restrict our analysis to the 
effective theories which give equations of motion of second order in the derivatives, just as "Galileon" 
field theory. This class of effective actions contains two free coupling constants. We find de Sitter 
solutions as well as the power-law expanding universes in our four-dimensional Einstein frame. The 
accelerated expanding universes are always the attractors in the present dynamical system. 
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I. INTRODUCTION 



The recent cosmological observations have con- 
firmed the accelerated expansion of the present 
universe We also know that an inflationary 
cosmological epoch may exist in the early stage of 
the universe I* is possible to construct cos- 

mological models with such accelerating phases if 
one introduces a new scalar field with an appropri- 
ate potential. However, it is desirable to derive a 
natural model from a fundamental theory of parti- 
cle physics without introducing any unknown field. 
The most promising candidate for such a funda- 
mental theory is the ten-dimensional superstring 
theory or clcvcn-dimcnsional M theory. They arc 
hoped to give an interesting explanation for the 
accelerated expansion of the universe upon com- 
pactification to four dimensions. 

In the low-energy effective field theories of super- 
strings or supergravity, there is a no-go theorem, 
however, which forbids such accelerated expand- 
ing spacctimc solutions if six- or seven-dimensional 
internal space is a time-independent nonsingular 
compact manifold without boundary Q ■ This the- 
orem also assumes that the gravitational action is 
given only by the Einstein-Hilbert curvature term. 
So in order to evade this theorem, we have to vi- 
olate some of those assumptions. In fact, it has 
been shown that some model with a certain pe- 
riod of the accelerated expansion is obtained from 
the higher-dimensional vacuum Einstein equation 
if one assumes a time-dependent hyperbolic in- 
ternal space Q. It has been shown that this 
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class of models is obtained from what are known 
as S-branes in the limit of vanishing flux 

of three-form fields (see also [l^l)- For other at- 
tempts for inflation in the context of string theory 
by use of a time-de pen dent internal space, see, for 
instance, Refs. |14| - [l6j . Unfortunately, this class 
of models does not give a sufficiently long rapid 
expansion phase to resolve the cosmological prob- 
lems. 

If one introduces branes, it also violates the 
assumptions in the no-go theorem. There are 
many discussions about this type of brane infla- 
tions [13, [ill- Although some of them could be 
promising, they still require a fine-tuning in their 
setup. We also do not know which model is most 
favorite one. 

The final possible violation of the assumptions 
in the no-go theorem is a change of gravitational 
action. The inflation based on the fundamental 
theory is expected to occur at the Planck scale in 
ten or eleven dimensions. With phenomena at such 
a high-energy scale, we cannot ignore quantum cor- 
rections in the effective action, at least in the early 
stage of the universe. The higher-order correction 
terms in the curvatures appear via quantum effects 
in the field-th eory limit of the superstring theory or 
M theory |19l - [23| . Those terms should be included 
to the lowest supergravity action. The no-go theo- 
rem no longer applies to such theories with higher 
curvature terms. With those corrections, the in- 
flationary scenario will be significantly affected, at 
least in the early stage of the universe. 

In fact, Starobinsky first presented an infla- 
tionary scenario in the effective theory with the 
higher curvature correction terms, which are given 
by quantum one-loop correction of fundamental 
flelds d, [13] . Furthermore, if one believes super- 
string theory, or supergravity theories, which are 
effective ones in the field-theory limit of super- 
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string theory, we have to study cosmology in ten 
dimensions. The cosmological models in higher di- 
mensions were studied as Kaluza-Klein cosmo logy 
intensively in the 80 's by many authors [l^ [26| . 
The effect of higher curvature correction terms was 
also analyzed [27h3(J |. 

The leading term of quadratic curvature correc- 
tions for the heterotic strin g theory is the Gauss- 
Bonnet (GB) combination [ll-[2l|. This model 
without a dilaton was studied in Ref. [27l | and it 
was shown that there are two solutions, in which 
three-dimensional space is exponentially expand- 
ing. One may call them generalized de Sitter solu- 
tions since the internal space is also expanding or 
contracting exponentially. 

However, it does not mean that such solutions 
provide us a successful inflationary scenario, for 
which we have several observational constraints. 
The period of inflation must be longer than 50- 
60 e-folding time, and inflation must end, followed 
by reheating of the universe. The density fluctua- 
tion should be obtained with an appropriate value. 
Most of inflationary scenarios have been analyzed 
based on 4-dimensional Einstein gravity. Hence if 
we work in the 4-dimensional Einstein gravity (plus 
some correction terms) , it would be easier to check 
whether such a model gives a successful inflation- 
ary scenario or not. In higher-dimensional gravi- 
tational theories, we can extract four-dimensional 
spacetime to find the Einstein-Hilbert action (plus 
some correction terms) in four dimensions, which 
we call the 4D Einstein frame. In such a 4D Ein- 
stein frame, the gravitational constant becomes re- 
ally constant. It makes easy to discuss cosmology 
in four dimensions because we can adopt a lot of 
conventional approaches and results. On the other 
hand, if one works in 10-dimensional spacetime, 
we have to analyze the model much more care- 
fully. The volume moduli must be fixed at present 
in order to avoid a harmful massless scalar field in 
four dimensions, while it may be free in the early 
stage. As a result, such a cosmology may depend 
on the detail of a moduli fixing mechanism, which 
we do not know. We thus conclude that it is bet- 
ter to analyze a model in the 4D Einstein frame, 
which will provide us a sufficient condition for a 
successful scenario. 

As for the above generalized de Sitter solutions, 
we find our three-dimensional universe does not 
expand exponentially in the 4D Einstein frame. 
Instead, one of the solutions shows a decelerat- 
ing expansion with positive power exponent less 
than unity. In the other solution with negative 
power exponent, the scale factor a of our universe 
diverges as t — > 0. It is called a pole- type infla- 
tion found in Kaluza-Klein cosmology [3l| . In this 
limit we find an accelerating expansion (a — > (X) 



as t — >■ 0). Here, however, the effective field the- 
ory may be no longer valid because it evolves into 
a stringy state where the internal space gets very 
small. Since we do not know what happens in such 
a stringy state, one may not conclude that an in- 
fiation (rapid expansion) can be realized with the 
higher curvature terms. 

We also have to include the effect of a dilaton 
field, unless we show its stabilization mechanism. 
Many studies of higher curvature corrections con- 
sider a pure GB term without a dilaton field, or 
assume that the dilaton field is constant, which 
may not be consistent with the full equations of 
motion in the effective string theory. We have to 
include the dynamics of the dilaton field. 

The effective action in the heterotic string the- 
ory has been calculated [l^. The authors dis- 
cuss a field theory action generating the S-matrix 
which coincides with the massless sector of the 
(tree-level) string S-matrix. The generating func- 
tional for the string S-matrix is represented as a 
path integral over surfaces with the free string ac- 
tion replaced by the generalized cr-model action 
describing the string propagating in a non-trivial 
background. They found the Riemann curvature 
squared term as a'-corrections [l^ . Using the free- 
dom of field redefinition, the theory is transformed 
into the GB combination together with higher- 
order derivative terms of the dilaton field. 

In Ref. HO], the authors have analyzed the pos- 
sibility of inflation in the Einstcin-Gauss-Bonnet- 
dilaton system in the 10-dimensional Einstein 
frame. There the considered system contains only 
the GB term as the quantum corrections as well 
as the Einstein-Hilbert curvature term and canon- 
ical kinetic term of the dilaton field. The higher- 
order derivative terms of the dilaton field are ig- 
nored. They have shown that there are several 
fixed points, some of which give generalized de Sit- 
ter solutions, i.e., our three-dimensional space is 
exponentially expanding and the internal space is 
also exponentially changing just as the case with- 
out a dilaton. In this case, the dilaton is also 
time-dependent. In the four-dimensional Einstein 
frame, which describes gravity in our world, either 
spacetime does not show any accelerating expan- 
sion, or it expands with negative power exponent. 
Although the latter case gives the accelerating ex- 
pansion, it goes into a stringy state. We may not 
conclude in this field-theoretical approach that in- 
fiation can be realized with such higher curvature 
terms, just as the case without a dilaton. Related 
discussions of impossibility of de Sitter solutions 
are given in (32j . Density perturbations are also 
studied for such theories [33|, [s^ . 

As in the above study, when we discuss cos- 
mological solutions, often only the GB term is 
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taken into account as quantum corrections and the 
higher-derivative terms of the dilaton field is ig- 
nored. However, it is known that the effective the- 
ory does contain such higher-order derivative terms 
of the dilaton [l^, and we have to consider these 
higher order terms in general. 

A related issue is the difference of the frames. 
In the string frame, the Einstein-Hilbert curvature 
term is coupled to the dilaton field whereas in the 
Einstein frame it is not. In order to find the theory 
in one of the frames from the other, we perform a 
conformal transformation by the dilaton field. We 
then find additional higher-derivative terms of the 
dilaton as well as their coupling to the curvatures 
from the GB term [H, HBl but this effect can be 
incorporated by including these terms. 

In the present order of quantum corrections, 
there is also more important ambiguity in the ef- 
fective action coming from the field redefinition. 
Since the perturbativc S-matrix does not change 
under the local field redefinitions, we have a free- 
dom from this in the effective action. This pro- 
duces a difference in the higher-order derivative 
terms of the dilaton field and the curvatures when 
further higher order terms, which are not known, 
are ignored. Taking such a field redefinition am- 
biguity into account, we are lead to a large class 
of effective actions, all of which correspond to the 
same string S-matrix. Of course, when we include 
full orders of quantum corrections, the obtained ef- 
fective action must be unique and there cannot be 
any physically new solutions that were not present 
in the solution space prior to field redefinitions. 
Unfortunately, we do not know how to find such a 
self-consistent full-order effective action. As long 
as we try to obtain the effective action perturba- 
tively in a', there is always ambiguity due to the 
field redefinition which produces terms higher or- 
der than already known. If all these terms are in- 
cluded, we should get the same solutions as before, 
but since we expect that there are other higher or- 
der terms, it is reasonable to try to find solutions 
without these higher order terms. Certainly, if we 
expand such an exact effective action, if any, we 
will find the correct effective action in the present 
order of quantum corrections. We can expect that 
such theory falls into the class of theories that we 



are considering. It is thus significant to study cos- 
mology and the possibility of infiation in this gen- 
eralized class of effective theories obtained by field 
redefinition. 

In this paper, we study the effect on cosmology 
of such ambiguity in the field redefinition in the 
string frame. The action we analyze is obtained 
via field redefinition from the effective action with 
a'-correction terms of the heterotic string theory. 
We restrict our analysis to the case such that the 
equations of motion contain up to the second-order 
derivatives just as the "Galileon" theory. The cur- 
vature squared term is given by the GB combina- 
tion, while the other higher-order correction terms 
to the dilaton are given by two free coupling con- 
stants. 

To analyze the present model, we adopt the 
method of dynamical system. We reduce the ba- 
sic equations into an autonomous system, and find 
the fixed points and analyze their stabilities. A 
similar approach was used to study inflationary 
solutions in M theory with fourth-order quantum 
corrections [29j . 

This paper is organized as follows. In Sec. II, we 
first give the effective action which we will discuss. 
In Sec. Ill, we present the explicit forms of the 
basic equations for higher-dimensional cosmology 
assuming an appropriate metric form. We show 
that those equations form an autonomous system. 
In Sec. IV, we look for the fixed points, which 
correspond to the accelerating universes in four- 
dimensional Einstein frame, and analyze their sta- 
bilities. We find that de Sitter expanding universe 
is possible in our four-dimensional Einstein frame 
and it is a stable attractor in the present dynam- 
ical system. Sec. V is devoted to conclusion and 
discussion. 

In Appendix A, we present the fixed points ex- 
plicitly for some special cases. In order to see the 
frame dependence, we also discuss cosmological so- 
lutions in the Einstein-Gauss-Bonnet-dilaton sys- 
tem in the string frame in Appendix B. Since the 
similar setup in the Einstein frame was analyzed 
in Ref. [soj . we compare our results with theirs. 
We find that there is not much difference in the 
cosmological solutions. 
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II. EFFECTIVE ACTION AND FIELD REDEFINITION 



We start with the effective action, which describes the low-energy dynamics of the masslcss string 
modes. With the a' correction in the effective action fl^, we have, in one scheme. 
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S=T^ d^'xy^e-'f R + 4(V0)^ + a^R'^BCD , (2-1) 

where </> is a dilaton field, is a D-dimensional gravitational constant, and a2 = a' /8 is a coupling 
constant to the curvature square term with the Regge slope parameter a'. We drop the contributions 
from the NS-NS forms and fermions. Since this correction is obtained from the string ^-matrix, there is 
an ambiguity in the effective action caused by the field redefinition gAB ~^ 9ab + SgAB and </) — > + Scjj, 
where 

SgAB = a2 {^li?AB + &2VA0Vs(/> + ffAi3[&3^ + 64(V0)2 , 

<50 = a2{cii? + C2(V0)2 + c3V20}, (2.2) 

with 6i's and q's being arbitrary constants. This field redefinition gives the general effective action up 
to O(a') as 

S ^ 7^ I rf''a;y^e-2*fi? + 4(V0)2+a2[i?iBCD + &i-RiB + (&2+46i)i?Ai3V^0V^0 

+ (2ci - \b, ^Y^b,)R' + (2c2 - 8ci - I + 2Dh, ^b,)R{\7c^r 

2c3 + 8ci -bi- 2{D - 1)63 - ^^Y^b5^R{S/^(f>) - 2 (4c2 - 262 - Db^) {S/cpf 
+ [8c2 - 8c3 - 362 - 2{D - 1)64 + 2Db5p4>{W(f>f + [8C3 - 2{D - I)fe5](n0)2] | . (2.3) 

It is certainly true that if we keep 0{a'^) or higher-order terms in the result, we may get the equivalent 
theory. But they are not physically relevant and it does not make much sense to discuss their effects 
because the effective theory to that order is not known or ignored already in p.ip . Thus there is an 
intrinsic ambiguity in the effective theory. However we may restrict the theory to certain extent by 
imposing some consistency conditions. 

In our approach, we may take the viewpoint that the correct effective theory must not have any ghost or 
tachyon. The curvature square term may be given by the GB combination, Rq^ = Rabcd ~ ^^ab + 
which gives the second-order differential equations. Hence it is likely that the correct effective theory 
is the one which give s equations of motion without derivatives of order higher than two, just like the 
"Galileon" theory [37| . Here we take such an effective action and require that higher derivative terms do 
not appear in the resulting field equations. This condition gives the constraints on the coefficients fe^'s 
and c, 's in the field redefinition 
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(2.4) 



which are solved by 



bi = -4, 65 = 463, 



D -2 1 D-2 
ci = ——bs- C2 = -263 + — — 64 + 2, C3 = {D-l)b3, (2.5) 
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where 62, 63, and 64 are free. However the coefficients of non-trivial terms in the effective action are not 
independent. As a result, we find a two-parameter family of the effective theory: 



S 



1 



-24, 



R + A{Vcj)f 



(2.6) 



with A + 2(/i + i^) + i6 = 0. /i and v arc two free parameters. We will analyze the cosmological solutions 
in this class of effective theories. Note that the effective theory only with the GB term for a'-corrections 
in the string frame as well as that in the Einstein frame considered in [30| are not involved in this family, 
since in that case \ = ^ = v = Q. (See [l^l and Appendix [B] for cosmological solutions for such an 
effective theory.) 



III. BASIC EQUATIONS 

Using the class of effective theories with a'-corrections given in SecHTJ we discuss cosmological solutions 
and their properties. Let us assume the following metric form in _D-dimensional space: 



(3.1) 



where D = 1 + p -\- q. Both the p-dimensional space [ds^) and q-dimensional one (ds^) are chosen to be 
maximally symmetric, with the curvature signatures of ap{= 0,±1) and 'Jq{= 0, ±i), respectively. 
With the above metric ansatz, we can simplify the action as 



S = T^VpVq I dt [Co + «2 (^I + Cu)] 



(3.2) 



where £0, Ci, and Cu are the lowest Lagrangian from the Einstein- Hilbert action and the canonical 
kinetic term of the dilaton field, that from the GB term, and that from the other a'-correction terms, 
respectively, with 



Co 



Cu 



PiAp + qiAq - 2{piui + pquiU2 + qiU2 ) + 4(pui -t- qu2) 

-12 [Ap{p3Ul'^ + P2quiU2 + PiqiU2^) + Aq{piqiui - + pq2UlU2 + q3.U2^)\ 
-1-4 (2p3Ui'* -t- 2p2qui^U2 + 'ipiqiUi'U2^ + 2pq2UiU2^ + 2q3U2^) 



+84> 
1 
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(3.3) 



3{p2Ui +piqu2)Ap + 3{pqiui + q2U2)Ag - 2(^p2ul + 52^2)] } : (3-4) 
3^J.{plAp + qlAg + 2pqulU2) + 2{2ly + 3\)<i)'^ +4:iy4:{pui+qu2) , (3.5) 



and we drop the surface terms. Vp and Vq are the volumes of the p-space dsp and the g-space dsq, 
respectively, and the following notations are introduced: 



^2(uo-U2) 



Ap = ill + fTpe2("°-"i) , Aq = ul+aq 
(e ~ m)n = ii- m){e - m - l){e - m - 2) •••(£- n) , 



(3.6) 
(3.7) 



with i, m, n being positive integers (£ > n > m). Taking the variation with respect to uq, ui, U2, and (j), 
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we obtain four field equations: 



where 



/^"^+a2(/r+/r)+^ 



f(p) 



-Y 



(p) 



f(9) 



a2 



(<?) 



,(p) 
Y 

r (9) 



- z 



"2 

;(P) 



■(9) 

'0 



(9) 

[I 

(9) , ,(9) 



"2 U 



= 0. 



= 0, 



GB 



(3.8) 
(3.9) 

(3.f0) 
(3.11) 



X 

^0 

Ap) 
Jo 

M) 
Jo 

fW 
Jo 

ip) 
9o 



Y — U2-uoU2+ul, Z — (p — {iiQ — pill — qu2)(j) , 



PiAp + qiAq + 2pquiU2 — i{pui + qu2)4> + 

{p - l)2^p + qiAq + 2{p - l)quiU2 + Hui + M 

PiAp + {q- 1)2^5 + 2p{q - l)uiU2 + #U2 + 4(; 



J9) 



2pX + 2qY - 4Z 

Ap) _ 



J,2 



2pquiU2 



2(P-1), g'^> = 2[q-l), h\[>^2q, hi'^=2p, I 



(P) _ ,-(9) 



(p) 



-2uo ^ 



(9) 



jpsAp + 2piqiApAq + qzA^q + A{p2qAp + M2^g + PiqiUlU2)uiU2 

P2U1 +PiqU2)Ap + (TOiiti + q2U2)Aq + 2(piqMi +MlW2)wi'«2] |, 

{ (p - l)iAl + 2(p - 1)291 ApA, + 93^2 + 4 [(p - f )3gAp + {p - 1)92^9 

+ (p - l)2giWlW2] U\U2 + 80[((p - l)2Ap + qiAq + 2{p - l)qUiU2){ui + 20) 

+ 2((p - l)2UiAp + qiU2Aq + {p- l)quiU2{ui + U2))] |, 
e~''^"[p3Al + 2pi{q - l)2ApAq + {q- \)^A\ + 4 [^2(9 - 1)^p + v{q - 1)3 A 

+Pl((? - l)2WlU2] M1W2 + 80[(piAp + (q - 1)2^.7 + 2p((? - 1)W1U2)(U2 + 2(^) 

+ 2(piMiAp + (g - 1)2^2^9 - 1)U1M2(W1 + M2) 



(3.12) 



,(p) 



(9) 



-2uq 



h\ 



Aqe 

o„-2tio 



(p - f )2Ap + {q- l)2Aq + 2(]3 - l){q - l)uiU2 - 4((p - l)ui + {q- l)w2)0j , 
{p - l)2Ap + {q- l)2Aq + 2{p - l){q - l)uiU2 - 4{{p - l)ui + {q- l)u2)<p] , 
{p - l)2Ap + qiAq + 2{p - l)quiU2 , 

p^Ap + {q- l)2Aq + 2p{q - l)uiU2\ , (3.f 3) 
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Ap) 
Ju 



(9) 



■In 



M) 
Jii 



-2'iio 



— e 
2 



(l>^^ti piAp + qiAq + 2{piu\ + 2,pquiU2 + qiiii) +20 (2i^ + 3A)(/) + 2j/(ptti + g?i2) |, 
0^1^ {p - l)2^p + giA^ + 2 ((p - l)(p + 2)u? + (3p - l)gui?i2 + g(g + l)ul) 
+4(/)((p- l)ui +9U2) +2(/) (2i^ + A)(/) + 2z/ (pwi + g?i2) |, 

piAp + (g - 1)2^3 + 2 (p(p + 1)^2 + p{iq - l)uiU2 + {q- l){q + 2)ul) 
+4^ {pill + (q - 1)112) +20 {2iy + X)<j) + {pill + qu2) }, 
(j) piAp((/) + 2ui) + giv4g(0 + 2^2) + 2pqiLiii2{ui + U2 + (, 



+2v^ [p{p + l)ii\ + 2pquiU2 + g((7 + 1)m2] + 8(A + + gM2)0^ + 2(3A + 2iy)4)^^ 



(p) 
9u 

"11 

= 2e- 



-A.(p-l)e-^">^ g^i') = - l)e 



-fiqe 



-2un 



-2uo ;2 



,(9) 



-^.pe 



-2uo j,2 



+ ^l{{p - l)ui + g?i2) 



A4>) 



4 



2e^2«o^ 



v(j) + ^i{{p- l)ui +qu2) 
lyc/) + fi {pui + {q- l)u2) 
vcj) + ^l{pul + {q- 1)142) 



|/i piAp + (jiAq + 2p(7UiU2 +40 {2v + 'i\)(l) + V {pill + qii2) | 



(3.14) 



and 



GB 



-iuo _ 



'|p3^p + 2piqiApAg + 93^5 + 4?ii?i2(p2g-4p +^2^,) + Apiqiu\iil 
+ 4pX [(p - 1)2 + qiAq + 2(p - l)gMiM2] + 4gr [piAp + (g - 1)2^1, + 2p{q - l)uiii2] }. 

We have four basic equations p.Sp - p.lip for three variables ui, U2 and 0. However those four equations 
are not independent. In fact, Eq. p.8p is a constraint equation, which has no second order derivative, 
and four functionals satisfy the following identity: 



F + {pill + qu2 - 2wo - 20) J" = pui J'^p' + qw2-7^*''^ + 8 0J'('^) 



(3.15) 



As a result, three of them become independent, which we have to solve. In order to discuss the dynamics 
of the present system, we first analyze the fixed points, which turn out to be important. 



IV. ACCELERATING UNIVERSES AND 
THEIR STABILITY 

A. Fixed Point Solutions 

Here we study the properties of the fixed point 
solutions in the basic equations p.Sp - p.lip . In 
this paper, we restrict our analysis to the simple 
case of flat p- and q- spaces {ap = o-g = 0). We 
choose Mo = by use of the gauge freedom of time 
coordinate. In this case, Eqs. p.Sp - p.lip form an 
autonomous system for three variables: 

6* = iti , 9 ~ ii2 ^ and = . (4.1) 

The fixed point is given by setting the three vari- 
ables to be constants such that = Oq, 9 = 0o, 



and m — wq- Hence the equations for the fixed 
points are given by 

F{Oo,9o,Wo) = J^l 0=00,9=90,^=^0 = O7 

f'^p\0o,9o,ujo) = J-('')|0=0o,e=9o,-=-o =0> 

F^^\0o,9o,wo) = J"'«)|e=eo,e=eo,^=.no =0, 

F^'f'\0o,9o,wo) = .F(*^|0=eo,e=eo,-=-o =0. 

Before giving the fixed points explicitly, let us 
discuss the properties of the solutions. Since iii = 
00 1 ^2 — 9o, and = tuo, we find the metric and 
dilaton field as 

ui ~ 6*0 ^ + constant , 
U2 = ^^0 ^ + constant , 
= t + constant . 
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The integration constants can be absorbed in 
rescaling of the p-spatial coordinates x and q- 
spatial coordinates y as weh as in a translational 
shift of time coordinate i. As a result, we find the 
metric and the dilaton field as 



dsi 



VJ^t . 



,200* 



The gravity of our universe, which is obtained 
by compactification of £)-dimcnsional space- 
time, must be described by the four-dimensional 
Einstcin-Hilbert action, which means that the 
Newtonian gravitational "constant" is really con- 
stant. Hence we have to extract the Einstein frame 
for (p-l-l)-dimensional spacetime. Using this frame 
description, we can discuss the accelerating expan- 
sion of the Universe or inflation. The (p + 1)- 
dimensional Einstein frame metric ds^ is extracted 
from the total ZJ-dimcnsional spacetime as 

2{qU2-2(t>y 



dsl, 



with 



exp 



cxp 



p-1 



2{qU2 - 20) 



ds'^ 



{~de 



dsi 



dsi 



p-l 

The contribution from the dilaton (j) is due 
to the non-minimal coupling between the dila- 
ton and gravity in _D-dimensional spacetime (see 
Eq. (|2.6p '). Introducing the cosmic time r in {p+l}- 
dimensional spacetime by 

{q9o - 2zuo) 



exp 



p-i 



p-l 
2^o) 



■t 



dt 



(g6lo-2roo) 
p-l 



t {qdo = 2wo) 

we find the Friedmann-Lemaitre-Robertson- 
Walker (FLRW) spacetime; 



dsl 



-dr' 



where 



2roo\ 



.6>or 



with P = 1 



[T)dsl , 

(qOo ^ 2wo) 
(qOo = 2mo) 
(p-l) 00 



(4.2) 



q9o - 2wq 

Note that if qdg > 2tuo, then t = ^ oo as t ^ 
—oo — > oo, while if qOo < 2wq, then r = — oo — > 
as t = — oo — !■ oo. For the case of qOf) — 2tuq, we 
find T = t = —oo — >■ oo. 

In the case of q9o ^ 2tuq, the condition for an 
expanding universe is given by 

da/dr 1 rflna P 
a rdlnr 



H : 



>o, 



(4.3) 



while the condition for an accelerating universe is 
given by 



1 d^a 
a dr"^ 



1 



c?^ In a 



(dlnr) 



din a 
dluT 



din a 



dlnr 



P(P-l) 



>0, 



(4.4) 



which arc rewritten by the fixed point variables as 

[(^-1)00 + 9^0-21^0] >0, (4.5) 
eo[{p~l)Oo + qOo-2mo]>0, (4.6) 

respectively. As a result, the accelerating expan- 
sion of the universe in {p + l)-dimensional space- 
time is obtained for the case of 0o > and 
[(^-1)00 + 9^0-2^170] >0. 



B. The accelerating expansion of the 
Universe in 4-dimensionaI spacetime 

Now we solve the equation for fixed points. In 
what follows, we restrict our analysis to the ten- 
dimensional string theory with our 3-space, i.e., 
p — 3, q — 6, and D — 10. We also normalize the 
time coordinate t (or r) by = 2-\/2(a')~^/^. 

The ten-dimensional metric is given by 



ds 
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'dsi 



with dsl ~ —dr^ 



b^dsl , 



^dsi 



In the case of Wq ^ wq, the metric components 
are given by the cosmic time r as 



a oc r , and 6 oc r*^ , 



where 

P = 1 



39o - tuq 



and Q 



39o - ruo 



(4.7) 



(4.8) 



The conditions for the accelerating expansion of 
the Universe are 

(610 + 36lo - Wo) > and 0o > . (4.9) 

Note that r = oo for 36*0 > tuq, while t = 
— oo — > for 3^0 < '^0- For the case of 39o = 
tuq, we find an exponential de Sitter expansion, 
a oc exp [ 6*0 t] with 6*o > 0. The cosmic time in 
the four-dimensional Einstein frame is the same as 
that in the ten-dimensional string frame. 
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The equations for fixed points to be solved are 

F = 6(eo + eo)(0o + 50o)-12(eo + 20o)t^o+4wo 

+ 24 [20i^{3eo - Wo) + 9e^0o{50o - 4tuo) + 30eo6|2(26'o - 3n7o) + 50l{30o - 8zu„)] 
- 9(00 + Oo){eo + 50o)tuIh - 2wl{3eo + 60o + vjq)u - ivj^X = , (4.10) 
F^P) = 2[?,{el+A0aea + 70l)-A{ea + i0Q)vJo + 2wl] 
+ 8 [l2el0Q + ^lO^el + 1806'o6'^ + 1056';5 

-4 {el + 156»o^6'o + 516*000 + 456*;^) tuo + 4 (©o^ + 126)o6io + ISfl^) w^] 
+ ^2 [-3 {el + 46>o6'o + 76*2) + 4(6>o + 36*0)1170] ^ + StUfJi^ + tu^A = , (4.11) 

2 (66>o^ + 156io6'o + 15e'g- 66*0^0 -106'otuo + 2tug) 
+ 8 {3 6*0^ + 9el{b0o - 2mo) + 306)o6'o (56*2 - 700^0 + 2wl) 

+iel {Abel - m^wo + AwI) + 56i^ {90I - 206ioti7o + 8ti7^) } 
+ vol {~&el + Wo{-i0o + 2vjo) + eQ{-lb0o + Qwo)] ^JL + 2wlv + wl\^{), (4.12) 
F^"*) = 2 (66)0^ + 18006*0 + 216*^-66)0^0- 1200^0 + 2to^) 
+ 24 (6>o^ + 18 6*0 + 666>o^6'2 + 906>o6'i] + 356*4) 
+ 3^0(00 + ^o)(0o + 5^^o)(3eo + 600 - vJo)^l 

+(9(6*0 + 20ofvjl - 2vjI)v - 3n7i^(-26)o - 46*0 + n7o)A = , (4.13) 

where the first, second and third rows in the equations are obtained from the lowest Lagrangian Cq, the 
GB term Ci, and the other correction term £n, respectively. 

Since these equations are not independent, but are related with each other by one constraint p.lSp . we 
need three of them to be solved. Although all these three equations are complicated, we find one simple 
equation from F'p^ = and F(«) = 0, i.e., 

pit) _ pip) 

= (6*0 - 0o) (36>o + 66io - 2ti7o) (2 + 86*0^ + 806lo6'o + 806*^ - 326>oroo - 806*0^0 - wlfi) 

= 0. (4.14) 

Hence, we adopt F = 0, F'-p^ = and Eq. (|4.14p as three independent equations [111- From Eq. (|4.14p . 
we classify the fixed points into three cases: 

1. eo^0o, (4.15) 

2. sea + 600 - 2wo = 0, (4.16) 

3. 2 + 800^ + 806io6'o + 8061^ - 326>oTOo- 806*0070-07^^ = 0. (4.17) 

To solve these equations, we introduce new variables r ~ ^0/6*0 and s ~ 070/6*0, assuming 6*0 7^ 0. 
For the case of 6*0 = 0, see Appendix \X\ We then obtain from F = and F^^"^ = 

2eo'^ [3(1 + r)(l + 5r) - 6(1 + 2r)s + 2.5^] 

+ 24 [3r(2 + 15r + 20r^ + 5r^) - 2s(l + 18r + A5r^ + 20r^) + 2s''] 

- 3s2[3(l + r)(l + 5r) - 2s^]fi - 2s^{3 + 6r - 2s)iy = , (4.18) 



2eo^ [3(l + 4r + 7r2) -4(l + 3r)s + 2.s2] 

+ 8 [3r(4 + 27r + 60r'^ + 35r^) - 4(1 + 15r + 51r2 + A5r-^)s + 4(1 + 12r + I5r'^)s^ - 2s 



41 



S 



3 (1 + 4r + 7r2) - 4(1 + 3r).s + 25^] = Q , (4.19) 
where we have used A = — 2(/i + i') — 16. Eqs. (|4.15p . (|4.16p and (|4.17p are rewritten as 

1. r = 1, (4.20) 

2. 3 + 6r-2s = 0, (4.21) 

3. 2eo^ +& + S0r + 80r^ -nr-80rs- s^n = 0. (4.22) 
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Note that there always exists a trivial fixed point, i.e., 0q ^ 0o = vj^ = 0, which corresponds to a 
Minkowski spacetinie with a constant dilaton. Next we shall find non-trivial fixed points in the above 
three cases separately. 



1. 00 = ^0 (r = 1) 

First we investigate the case of 69o = = 1)5 which means both our 3-spacc and internal 6-space 

expand with the same expansion rate. It gives a ten-dimensional de-Sitter solution in the string frame. 
However, the dilaton field is not always trivial. As a result, we find that our 4-dimensional spacetimc is 
either de Sitter universe for the case of 30o = '^0 (5 = 3), or the power- law expanding universe with the 
power P = (4 — s)/(3 — s) for 30o 7^ ^^^o {s ^ 3). 

It follows from Eqs. (|4.18|) and (|4.19p that we have to solve 

26'o"2 (18- Qs + s^) + 24 (63 - 845 + 5"^) - 35^(18 - s^)^ - s^^(9 - 2.s)i^ = , (4.23) 
200"^ (18 - 8s + s^) + 8 (189 - 224s + 56s^ - s"^) - s^ (I8 - 8s + s^) /it = , (4.24) 

which are solved as 

2(16 + 2^1 + v)s^ - (264 + 41^ + 25z^)s'* + 4(32 + 27^ + 27v)s^ 

+ 2(1904 + 63Ai - ^lv)s^ - 72(112 + 9^i)s - 2520 = 0, (4.25) 
„ 2(l8-8s + s2) 

(92 V L (A oc\ 

" 8 (189 - 224s + 56s2 - s*) - (18 - 8s + s2) /i ' ^ ' 

Solving Eq. (|4.25|) for s for given coupling constants and v and inserting the real valued solution into 
Eq. (|4.26p . we find the values of fixed points, i.e., {Oq,9i^,vdq) — (1, l,s)6'o. ^ and s must satisfy the 
following inequality: 

8 (189 - 224s + 56s2 - s^) , ^ 

^> SM18-8S + S2) ' (4-2^) 

to find the real valued solution for Oq since (18 — 8s + s^) > for real s. Note that there is always positive 
00 as a solution for (|4.26p when this condition is satisfied. 

Now the conditions for the accelerating expansion are given in (|4.9p . which translate into Oq > and 
s < 4 in this case. There are several fixed points satisfying these criteria. Checking the behavior of the 

right hand side of (|4.27p . we find that it has a minimum ~ —18.0961 at s = |(7— V 4-\/7 — 7) ~ 2.55 and 
grows to infinity near the origin, and then monotonically decreases to —8 for negative large s. It follows 
that in order to get accelerating expansion, /x must be larger than the minimum value ^ —18.0961. For 
—8 > ^ > —18.0961, the allowed s has values in the range 4 > s > 0. For fi > -8, we can also have a 
solution s < 0. Given ^ in this range, s should be chosen such that it satisfies (|4.27|) and then Oq and ly 
can be determined by (|4.26|) and (|4.25p . respectively. 

In order to find de Sitter solution in four dimensions, we have to set s = 3, for which Eqs. (|4.25p and 
yield 



3fi + iy + 32 = 0, and eo = ±x (4.28) 

V 9^ + 160 

which requires fi > —160/9. The fixed point corresponding to de Sitter expanding universe is 



Note that such a solution is not found without taking account of field redefinition ambiguity because the 
necessary condition is 3fj, + 1^ + 32 = . Although we find de Sitter universe in four dimensions, it cannot 
be our universe because the internal space is also expanding exponentially. The result is summarized in 
Table E 

We show other fixed points for (/i, 1^) = (—15.4, 14.1), (—12, 4) and (0, 48.2), which are solved numeri- 
cally, and their properties are given in Table |lT] as examples. 
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case 


fixed point {Oo,Oo,zoq) 


H = 00 


u 


1. [0o = 6io] 


(00, 0o,30o) 


V 9/i + 160 


-(3/i + 32) 


2. [300 +66I0 - 2cc7o = 0] 








3. [2(1 + 40o' -800^0 
-ml) = Wlti)] 


(00,-2.9477100,-8.8431300) 


^ 0.159922 
V/i + 17.0724 


-3.86891/i - 45.4052 


(00,0.58377700,1.7513300) 


^ 0.807509 
+ 18.2148 


-3.40790/i - 39.2874 



TABLE I: The fixed points of de Sitter spacetime a — e^' in four dimensions. Tliere exists no de Sitter solution 
in the case 2. In the cases of 1 and 3, we find one-parameter family for de Sitter solutions (/i is a free parameter). 
The other coupling constant v is fixed by /i as given in the last column. The scale factor of the internal space 
and the evolution of the dilaton are given by 6 = e®"' and = luot, respectively. The expanding universe in four 
dimensions [H > 0) is stable against small perturbations. The realistic inflationary solution is given by 0a > 
and Qo < 0, which is found in the case 3. 



case 




u 


fixed point (0o,^o,^o) 


P 


A/D 


A/o 


stability 


1. 


-15.4 


14.1 


(0.307622, 0.307622, 0.903627) 


16.9893 


A 


-0.961344 


S 








(-0.250813, -0.250813, -1.30743) 


0.548081 


D 


-0.357553 


s 




-12 


4 


(-0.118465, -0.118465, -0.685402) 


0.641022 


D 


-0.304618 


s 







48.2 


(-0.0787943, -0.0787943, -0.346152) 


0.016844 


D 


0.282184 


us 


2. 
















3. 


-15.4 


14.1 


(0.107856, -0.364542, -1.10847) 


8.26718 


A 


-0.353253 


s 








(0.0060359, 0.431902, 0.727932) 


1.01063 


A 


-1.15366 


s 








(0.948509, -0.0160689, 0.334445) 


-1.47878 


A 


-2.08022 


s 








(-0.765888, 0.0881743, -1.01054) 


0.399332 


D 


-0.252459 


s 




-12 


4 


( 0.909500, -0.063855, 0.198882) 


-1.329387 


A 


-1.947607 


s 








( 0.323252, -0.235434, -0.517073) 


-0.708264 


A 


-0.591299 


s 








(-0.567964, 0.235739, -0.347272) 


0.461385 


D 


-0.405089 


s 








(-0.035670, 0.325903, 0.508717) 


0.923944 


D 


-0.830977 


s 







48.2 


(0.7982, -0.166337, -0.107164) 


-1.03702 


A 


-1.61091 


s 








( 0.895263, -0.117903, 0.0561875) 


-1.18412 


A 


-1.86599 


s 








(-0.101297, -0.0676883, -0.346229) 


0.292438 


D 


0.0175641 


us 








(-0.111046, -0.0629703, -0.346321) 


0.294546 


D 


0.0183167 


us 








(-0.344151, 0.332526, 0.169237) 


0.968383 


D 


-0.624232 


s 








(-0.505956, 0.318319, -0.0787433) 


1.05549 


D 


-0.549534 


s 



TABLE II: The examples of the fixed points for some values of /i and v. For each pair of ^i, and we find two 
types of fixed points; one corresponds to the power-law expanding spacetime in four dimensions (a — r^) and 
the other is the contracting one, which is just a time reversal solution of the expanding spacetime. We show the 
expanding universes. A and D denote the accelerating or decelerating universe, respectively. Some of them show 
the accelerating expansion with large positive power- exponent, while some others show the similar accelerating 
behaviour to the solution found in the Einstein-Gauss-Bonnet-dilaton system (see Appendix iBl and [30|). S and 
US denote "stable" and "unstable" against small perturbations, respectively. The decelerating spacetimes with 
the positive power exponent are unstable. The others including accelerating spacetimes are stable. 
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2. 30o + 66lo-2roo =0 (3 + 6r-2s = 0) 

In this case, there exists only a trivial fixed point {0q,9q,tuq) = (0,0,0) for any values of fi and v, as 
follows: Inserting ©o = -2(36*0 - n7o)/3 into Eqs. (|I7IU)) and (|i7n|) . we find 

6(2761^ - 126ion7o + 2n7^) - 8(7296*^ - 5406*^^0 + 6486l^rog - 2406*007;^ + 3Smf,) 

- 9^j.ml{270l - 126*0^0 + 2n7^) = 0, 
-18(27e'g - UOaTUo + 2wl) + 8(7296*^ - 5406(3^0 + MWlwl - 2406*0^0 + 38ro^) 

+ 9Atti7^(276'^ - 126*0^0 + 2ti7^) = 0, (4.30) 

which imply 

276*;^ - 126lotuo + 2n7^ = . (4.31) 
This equation has no real root unless = '^o = 0. As a result, we have only the trivial fixed point 

(eo,^?o,^o) = (0,0,0). 



3. 2 + 80,? + 8000^0 + 806)^ - 32001^70 - 806*01170 - ^li^ = 
(200-2 - sV + 8 + 80r + SOr^ - 32s - 80rs=0 ) 

In this last case, there are also several fixed points for various values of /i and v. We find an interesting 
fixed point, which describes de-Sitter or rapidly accelerating expanding universe for a finite range of (/^, v) 
parameter space. It also shows a nice property such as dynamical compactification of higher-dimensional 
spacetime, i.e., our 3-space is expanding while the internal space shrinks. 

The equations for fixed points (|4.18p and (|4.19p are rewritten as 

[26^^ - s^n) [3(1 + r)(l + 5r) - 6(1 + 2r)s + 2s^] 

+ 24 [3r(2 + 15r + 20r2 + 5r^) - 2s{l + I8r + Abr^ + 20r^) + 2s'^] 

- 2sV[3(l + r){l + 5r) + 3(1 + 2r)s - As^] - 2s^iy{3 + 6r - 2s) = , (4.32) 

(200^ - s^fi) [3(1 + 4r + 7r^) - 4(1 + 3r)s + 25^] 

+ 8[3r(4 + 27r + 60r^ + 35r^) - 4(1 + 15r + 51r^ + 45r^).s 

4- 4(1 + 12r + 15r^)s^ - 2s^] = . (4.33) 
Inserting the present condition, 

2 6lo"2 - s V = -8(1 + lOr + lOr^ - 4s - lOrs) , (4.34) 
into those two equations, we find the equation for r and s: 

2s^ - 4(2 + 5r)s^ + 2(7 + 30r + 40r^)s^ - 2(2 + 5r)(3 + lOr + I5r^)s 

+ 3(1 + lOr + 30r^ + 50r^ + 35r'^) = 0, (4.35) 

2(16 + 2/i + i^)s^ - 3(/i + + 2r)s^ - [3(16 + fi) + 2(136 + 9fi)r + 15(16 + n)r^]s 

- 8r(2 + 5r) = 0. (4.36) 

First we try to find de Sitter solution, which is given by the condition of 39o = wq. Eqs. (|4.35p . (|4.36p 
and (|4.17p are reduced to 

8(6s2 - 107s - 60) + 3(5^ - 27s - 9)/i - 27sz^ = 0, (4.37) 

s" + 6s^ - 18s^ + 54s - 81 = 0, (4.38) 

^° " 8(20s2 + 6s - 9) + 9s2^ ' ^^'^^^ 
where s = zuq/ 0q. Solving Eq. (|4.38p . we find two real solutions 



si = I ( -1 - r; - y/7 - if + 10/rij = -8.84313 
S2 = I (-1 - + ^7 - if + IQ/tA = 1.75133 



(4.40) 
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where 



1 

7! 



7-2 



11 + 3V69 



1/3 



-11 + 3V69 



1/3- 



1.36393527. 



(4.41) 



The fixed point is given by {0o,9o,wo) — 
real solution, we have to require that 

8(20s2 + 6s 



(l,s/3,s)6lo, where 60 is given by Eq. gJH). To find the 



We then find 



_l_ 0.159922 

VA'+17.0724 
_|__ 0.807509 



9) 



9s2 



-17.0724 (s 
-18.2148 (s 



«i) 

52) 



-3.8689lAi 
-3.40790Ai- 



45.4052 
39.2874 



for 
for 



s = Si 
S — S2 ■ 



(4.42) 



(4.43) 



■ VM+18.2148 

The positive 0q gives de Sitter expansion of our 3-space. However, the internal space is also expanding 
in the case of s > 0, which is not realistic. Hence the fixed point corresponding to the de Sitter expanding 
universe in four dimensions with the contracting internal space is given by 

(6lo,6'o,n7o) = ^ (0.159922,-0.471405, 



, , , -1.41421) 

+ 17.0724 

where /i(> —17.0724) is a free parameter. This solution gives 

a = exp[6'oi] , b = exp[0oi] , and e'^ = exp[-n7oi] , 
with the values (|4.44p at the fixed point. The Hubble parameter of the de Sitter solution is 

0.159922 -1 0.452328 



H=6o = 



{a'r 



(4.44) 



(4.45) 



(4.46) 



17.0724 ^ + 17.0724 

The results for the de Sitter solutions are summarized in Table HI 

For the other fixed points, we solve the equations numerically. For some values of fj. and v, we present 
numerical values of the fixed points and their properties in Table [Hi We show the contour of the power 
exponent P of the four-dimcnsional scale factor a = in Fig.[TJ In the (/i, i') parameter plane, we depict 
the contours of P = 1 and 10 as well as the lines (|4.43|) for de Sitter solution. Wc find that there exists 
a finite range, which gives the accelerating expansion of the universe. 





FIG. 1: The contours of the power exponent P of the 4-dimensional scale factor a{t) ~ r^. The (black) dotted, 
(blue) dashed and (red) solid curves correspond to the contours of P = 1, P = 10, and P = 00 (de Sitter solution), 
respectively. The right is the magnification of the the dotted square region in the left figure. The accelerated 
expanding universe with P > 1 exist in the region between two contour curves of P = 1 and P = 00. The 
solutions with the large negative power exponents (P ^ —1) lie near de Sitter solution in the region between two 
(red) solid lines. 



r 



C. stability Analysis 



naturally realized in the present dynamical system. 



The analysis of stability for the fixed points is 
important because it predicts which fixed point is 
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Hence we investigate stability of the fixed points 
found above. 

We perturb Eqs. ((3^ - (|3lT|) around the fixed 
point as = Oo + 60, 6 = 6o + S9, and w = mo + 
6w. The equations for the perturbed variables, 
SO, 56 and 5vj, are obtained as 



5e\ (50 
59 =7Wo 59 
5vj I \ 5w 



(4.47) 



where A^q is a 3 x 3 matrix, which is evaluated 
at the fixed point (©o, ^o, ccjo). Although there are 
four basic equations (|3.8l) - (|3.1ip . one of them is 
derived from the other three. As a result, we have 
three independent basic equations. It is why we 
find a 3 X 3 matrix in the perturbation equations. 

Although the perturbation equations are very 
complicated, those evaluated at the fixed points 
turn out to be remarkably simple: 



1 

TWo = A/o I 1 
1 



(4.48) 



where we find only one degenerate eigenvalue 
Mo = -(36)0 + 66*0 - 2n7o) [H. If Mq > 0, the 
fixed point is unstable, while if Mq < 0, it is sta- 
ble. Mq = gives a marginal stability. As we 
discussed in Sec. IIV Al the condition for acceler- 
ating expansion of the three-dimensional space is 
given by 6*0 > and (©o -l- 36*0 — toq) > 0. As 
a result, if the expanding universe is accelerated, 
then the present fixed points are stable (Mq < 0). 
If the expansion is decelerated (0 < P < 1), we 
find two cases; the stable and unstable ones. The 
expansion is decelerating if 



< P = 



Oq 4- 36>o - ctq 
3(?o - 



< 1 



(4.49) 



which yields {Z9q — wq) > and 6*0 < for expand- 
ing solutions satisfying (4.5). Hence the stability 
condition is rewritten as (3-|-6r — 2s) < 0, i.e., 
(3r — s) < —3/2, which corresponds to the power 
exponent 1/3 < P(< 1). On the other hand, if 



s < -1 or < P < 1/3, (4.50) 



is satisfied, the decelerated expanding universe be- 
comes unstable (See the example with /i = and 
ly = 48.2 in Table El) 

This stability condition (36*0 + 66*0 — 2n7o) > 
is understandable because it means that the 
ten-dimensional "volume" in the string frame 
(■^— ge"^"^) is expanding. 

From the four-dimcnsional point of view, we may 
understand the above instability as follows: If the 



Universe contains a stiff matter fluid, which equa- 
tion of state is given by P = p, the power exponent 
of the scale factor is given by P = 1/3. Here P and 
p are the pressure of fluid and its energy density. 
The causality condition, under which the sound 
velocity is less than the velocity of light, implies 
P < p, which corresponds to the equation of state 
with P > 1/3. If the power exponent of the uni- 
verse is given by P < 1/3, we have the effective 
fluid with the equation of state P > p, which vio- 
lates the causality condition. It may be the reason 
why we flnd instability for P < 1/3. 



V. CONCLUSION AND DISCUSSION 

In this paper, we have studied cosmological so- 
lutions in the effective theory with a'-correction 
terms in the string frame. Since there exists an 
ambiguity in the effective theory in the first or- 
der of the corrections via field redefinition, we ana- 
lyze generalized effective theories obtained by field 
redefinition. We restrict our analysis to the ef- 
fective theories, which yield equations of motion 
without derivatives of order higher than two just 
as "Galileon" field theory. We find that the effec- 
tive action of such theories contains two additional 
correction terms fi (^R^^ — ^Rg^^) ^ a4>^ b4> and 
i/n(/)(V(/))^ as well as the GB combination Pqb and 
A(V0)^, where /i and v are free coupling constants 
while A is fixed as A = — 2(p -\- u) — 16. 

We find de Sitter solution as well as the power- 
law expanding universe in four-dimensional space- 
time. The accelerated expanding spacetime is al- 
ways stable. The de Sitter solution is given by 
one-parameter family of solutions because /i and 
u must satisfy some relation. The Hubble expan- 
sion scale is _ff ~ 0.1(a')~^/^ if the coupling con- 
stant p ~ 0(1). Since (a')~-^/^ '-^ Mio, where 
A/io is ten-dimensional Planck mass, H can be 
much smaller than the 4-dimensional Planck mass, 
if the extra dimension is large enough. We also find 
the accelerating expansion of the universe with a 
positive power-exponent for a finite range of the 
(p, i/)-space. Those solutions as well as de Sitter 
universe in four dimensions have not been found 
in the effective theories without field redefinition. 
As shown in Appendix [B] we do not find so large 
difference between cosmological behaviour in the 
effective theory in the string frame and that in the 
Einstein frame. Hence we conclude that it is very 
important to take into account field redefinition 
when we discuss macroscopic objects such as the 
universe. 

Our present effective action may be too sim- 
ple to discuss a realistic cosmology. However it 
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is important for us to find de Sitter expanding 
or accelerating universe in four-dimensional Ein- 
stein frame. Since such spacetimes are attractors 
in the present dynamical system and then stable, 
a rapidly accelerating universes are naturally real- 
ized if the coupling constants satisfy appropriate 
conditions. Although de Sitter or nearly dc Sitter 
universe will be naturally found, there is no way 
out from such a rapid expansion because of sta- 
bility. Toward a realistic inflationary scenario, we 
have to find how to finish this rapid expansion. We 
can suppose that there may be the following two 
ways: One is via changes of ^ and v as the running 
coupling constants of the renormalization group. 
When the universe evolves, a typical energy scale 
will change. As a result, the coupling constants 
will also change. If fj, and v move from the rapid 
expansion range, then infiation will end. The other 
possibility is stabilization of the dilaton field and 
moduli field. In the present model, we have not 
considered any mechanism to stabilize those fields. 
In fact, they are time-dependent in most cosmo- 
logical solutions. However, if they are changing in 
time now, the fundamental constants may become 
time-dependent, which is inconsistent with many 
experiments and observation. Hence those scalar 
fields must be fixed at some stage of cosmologi- 
cal evolution by unknown mechanism. It might 



be related to supersymmetry breaking via gaugino 
condensation. Although we do not know the pre- 
cise mechanism, it will change the dynamics of the 
dilaton 4> and the moduli b. As a result, our dy- 
namical system will be completely changed. Once 
those fields are fixed, de Sitter or nearly de Sitter 
expansion is no longer possible. The inflationary 
phase must cease. 

Even if we find the way out from infiation, we 
still have several problems to establish our infia- 
tionary scenario. We have to find a reheating 
mechanism and the origin of density fiuctuation. 
We may need second inflation for such purposes. 
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Appendix A: Fixed points in some special cases 

In this Appendix, we present the fixed points explicitly for some special cases in which one of 0q,9o, 
and njQ vanishes. 



1. 00 = 

1. ieo = 9o=0) 

We find 6o = 6o = 0, vjq = ±.y2/{^i + 8) only if > -8 and 2/i + + 16 = 0. 

2. (36*0 - wo = 0) 
There is no solution. 

3. (2 + 806'g - 806loroo - vj^^i = 0) 
We find 



/2 (^95 + 18^15 -5v/85 + 787T5j 424874 



U7fi + 8 (335 - VT5 - v/^8300 + 227(Vl5 



Vm+ 16-81379 



7V6 , 1.41421 

zuo = + , = + , (Al) 

7 7^ I ^\ Vy" + 16-81379 ^ ' 

'l47Ai + 8 (335 - VT5- V-8300 + 2270VT5) 
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with 



and 



with 



1 

14 



16 30 + 2\/T5 + V-2O + 22VT5 + 44 + 2VT5 + V -20 + 22 VT5 U 



^(4.27293Ai + 52.3668) 



(A2) 



± 



Wo = ± 



2 (95 + 18VT5 + 5 VsHTtsTTI 



±- 



0.846099 



U7fi + 8 (335 - VT5 + V-8300 + 2270\/T5 

7\/6 

7 ~ / ^ \ + 19.227249 

147Ai + 8 (335- \/T5+ V-8300 + 2270VT5) 



±- 



+ 19.227249 
1.41421 



(A3) 



1 

14 



16 30 + 2V15 



-20 + 22V15 



44 + 2V15 



-(3.11935Ai + 33.9097) 



-20 + 22V15 



(A4) 



These solutions exist if fi and i' satisfy the condition (|A2[) or (jA4p . which means they form one- 
parameter family. Since Oq ~ 0, the scale factor in four-dimensional spacetime is given by a = r, which 
corresponds to the Milne universe. The dynamics of the internal space or the dilaton field induces the 
dynamics in four dimensions. 



2. 6*0 = 

1. (00 = 00=0) 

It is the same as the case 1 in Sec. lA 11 

2. (300 - 2ccio = 0) 
There is no solution. 

3. (2 + 89^- 3200^70 - w^fi = 0) 

We can reduce the basic equations as follows: 

2s^ - 8s^ + Us^ - 12s + 3 = 0, (A5) 
4(6/ + 8s^ ~ 26s2 + 12s - 3) + (45^ - 3s - 3)sV + (2s - 'i)s^v = 0, (A6) 

where s = 1170/00. Solving Eq. (|A5|) for ^, we find two real solutions; 



0.395000 

(A8) 

1.605000 



i 2 _ 2{-l + x/3) = 



S2 = h[2 



2(-l + \/3) = 
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For s = Si, 



4 + \/3-\/l + \/3U + 16 3 + \/3-\/l + \/3 



= -(4.07916^ + 49.2665), 



00 = ±- 



V2K/3 + 1 + a/(1 + V3) 



= ±- 



3.58029 



/3^ + 8 



zuo = ±- 



7 + V3 - 2 VTTVS + 2^3(1 + V3) 
a/6 



VAi + 29.73881 



= ± 



/3/i 



7 + V3 - 2V1 + V3 + 2 J3(l + V3) 



1.41421 
Vm + 29.73851' 



(A9) 



and for s ~ 82, wc obtain 



tuq = ±- 



4 + V3 + V 1 + V3 j A« + 16 (^3 + \/3 + V 1 + V3 
72 (^73 + 1- ^(1 + V3)^ 



± 



= -(7.38494^+ 102.15908), 



0.88113 



/3/X + 8 



7 + V3 + 2 VTTTs - 2y^3(l + a/3) 
a/6 



Vm+ 16-8321 ' 



±- 



/3Ai + 8 



7 + a/3 + 2 VT + Ts - 2 J3(l + a/3) 



1.41421 
\//"+ 16.832T' 



(AlO) 



This fixed point is also one-parameter family. The power exponent P of the universe is 



P 



1 

73 



i(l + \/3) = -1.53165 



7I + Vl(l + ^)= 0.376947 



(All) 



for s = si and S2, respectively. The former case gives accelerating universe as t — !■ 0. However the string 
coupling constant g = e'^ diverges because zjq > if the 3-space is expanding (6*0 > 0). The unknown 
stringy effect should be taken into account in the limit of r — 0. 



3. zjo = 

There exist no solutions for the cases 1 and 2. For the case 3, we find 

35r'' + 50r^ + 30r^ + lOr + 1 = 0, 

Oo = ± — ^ = , 

2^-(10r2 + lOr + 1) 

where r = Oq/ 0q. Solving Eq. (|A12p . we find two real roots; 



^2 = -TJ 



5 + e + 
5 + e- 



(2-g)(13+2g+^^) 



(2-;)(13+2;+C^) 



= -0.706924 
= -0.156263 



where 



1/3 



(5 + 3V5)i/3 _ (-5 + 3\/5)i/3 



- 3 = 1.0423107. 



(A12) 
(A13) 



(A14) 



(A15) 
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Those roots give the fixed points: 



00 



±0.482957 
±0.886034 



and 9o 



TO.341414 
TO.138454 



(A16) 



for r = ri and r2, respectively. 

However it turns out that this is not the solution in the present system, because it does not satisfy the 
last equation ^TJ^. Although (|Il6| satisfies three equations; F = 0, F'^p^ = and i^*'?' =0, they do 
not guarantee F^"^) = unless <p ^ (see Eq. (|3J5l) ). As a result, (fUe]) is no longer the fixed point in 
our system. We find only a trivial fixed point of (0, 0, 0). 



Note that this solution (IA16|) w as found by Ishihara for the ten-dimensional Einstein-Gauss-Bonnet 
model without a dilaton field |27| . It gives us some caution that by assuming that a dilaton field is 
constant, the solutions in the theory with a dilaton field are not always given by the solutions in the 
theory without a dilaton field. 



Appendix B: Cosmological solutions for the Einstein-Gauss-Bonnet-dilaton system in string frame 



In order to discuss the frame dependence, we an- 
alyze cosmological models in the Einstein-Gauss- 
Bonnet-dilaton system in the string frame. The 
low-energy effective action with the GB correction 
term in a general frame is given by 



S = 



1 



d^xy^ {e°"f' [R + P{dA(t>f 



«2e-^*i?^B} , (2.1) 



where we drop the higher-order corrections of the 
dilaton field ((>. The choice of a = —2, /3 = 4, 7 = 2 
corresponds to the action in th e string f rame, 
whereas a 0,/3 = -1/2,7 = \/'^/{D-2) gives 
that in the Einstein frame. Although the descrip- 
tions in two frames are related via a conformal 
transformation [i^l, the effective theories in both 
frames are different, because we do not include the 
higher-order corrections of the dilaton field (35| . 
So, in this appendix, we will analyze cosmological 
models in the effective theory in the string frame 
to see the difference between two effective theo- 
ries. The effective theory in the Einstein frame 
was analyzed in [30l |. Note that if we do not in- 
clude a dilaton field, which was analyzed by Ishi- 
hara [131, both frame descriptions are equivalent 
and then the solutions must be reduced to those 



found in j27l| . 

Let us consider the metric in D-dimcnsional 
space, which metric is assumed to be Eq. p.ip . We 
then find the basic equations given by Eqs. (|3.8p - 
(f3Tl|) with ^ = V = \ = Q. Note that this 
effective theory is not involved in our family of 
effective theories discussed in the text, because 

= = A = does not satisfy the constraint 
between coupling constants, A + 2(/x ± i^) ± 16 = 0. 
Here, we also consider only flat internal and exter- 
nal spaces (tip = (Tq = 0) for simplicity. We also 
set wq = by using the gauge freedom. Then the 
basic equations p.8p - p. lip turn out to be an au- 
tonomous system for the variables = ui, 9 = U2, 
VD = 4>, where and 9 denote the expansion pa- 
rameter for p-space and q-space, respectively. 

Eq. p.Sp is a constraint equation, in which there 
is no derivative of those three variables. Any cos- 
mological solutions must satisfy it. Eq. p.8|) de- 
fines a hypersurface in three-dimensional {0,9, vj)- 
space, where all orbits of the possible cosmological 
solutions lie in. We call it a constraint hypersur- 
face. We depict some orbits of cosmological solu- 
tions as well as the fixed points in Fig. [2] The 
arrows denote the evolutionary directions of the 
orbits. 



19 




FIG. 2: The orbits of cosmological solutions, which evolutionary directions are shown by the arrows. In the right, 
we also show the magnification of the most interesting quarter (the dotted region in the left figure), in which 
our 3-space is expanding while the internal space is contacting. The red (blue) points correspond to the stable 
expanding universe (unstable contracting universe). The fixed points of the expanding universes are attractors, 
while those of the contracting universes are repellers. The solid (red) and dashed (blue) curves denote the orbits 
of the accelerating and decelerating periods of the universe, respectively. There exists one interesting orbit, which 
starts from unstable C4 and ends at stable Ei. 



Solving Eqs. ([3:8|) - (|3ll|) . we find nine fixed 
points in Table IIIIl one is the Minkowski space- 
time, next four are those of the 4-diniensional ex- 
panding spacetimes, and the rest four are those of 
contacting spacetimes. 

In order to study the stability of those fixed 
points, we perturb the variables around the fixed 
point as 6* = Oq + SO, 9 = 9q + 56. and vj — 
wq + &VJ . We find the perturbation equations as 



50 \ 




( 66 


f 


= Mo 


56 


ow j 




, 5w 



where Mo is a 3x3 matrix, which is evaluated at 
the fixed point. We find one degenerate eigenvalue 
Mq = —(36*0 + 6^0 ~ 2n7o) for the 3x3 matrix 
A4o, just as the case in the text [s^. We find that 
the fixed points of 4-dimensional expanding space- 
times are always stable, while those of contracting 
spacetimes are unstable. We summarize our result 
in Table Uni 

In order to see the deference between the solu- 
tions in the string frame and those in the Einstein 
frame, we first compare the fixed points. In the 
efi'ective theory in the Einstein frame, they found 
the eleven fixed points, which values are given in 
[30| . Although those values are different from our 
results, the qualitative properties are very similar 
to ours as follows: 

(1) The four-dimensional universe is given by the 
FLRW spacetimc with power-law expansion. 

(2) The accelerating universe is found only in the 



solutions with a negative power exponent in the 
limit of T — )■ 0. In this limit, the string coupling 
constant e"^ diverges. As a result, we are not sure 
whether such a spacetime is really obtained in the 
effective field theory. 

(3) The expanding universe is stable, while the 
contracting universe is unstable. As for the sta- 
bility, we find one degenerate eigenvalue for 3x3 
perturbation matrix Mq just as the case in the 
text. On the other hand, for the Einstcin-Gauss- 
Bonnet-dilaton system in the Einstein frame, they 
found two eigenvalues; one degenerate value for the 
metric perturbations and one for the dilaton field. 
It may be because there exists some symmetry be- 
tween two metric components {ui and 112), but not 
for the dilaton field {(j)) in the Einstein frame. 

We then show the constraint hypersurface in 
the three dimensional {0,6, •n7)-space. To compare 
two cases in detail, we plot several slices with (j) = 
constant ((/> =0, 0.06992, 0.2133, 0.7, and 2) in 
both frames in Fig. [31 Since there is the differ- 
ence in definition of the cosmic times in the string 
frame and in the Einstein frame, we choose ^ = 0, 
by which two 0's become the same. For 7^ 0, 
the values of 0,9 and w and the slice separations 
are stretched, but the topologies of the constraint 
hypersurfaces do not change. 

The cross sections in the string frame and in the 
Einstein frame coincide at = 0, which is also the 
same as the case of the Einstein-Gauss-Bonnet sys- 
tem [23] . However the hypersurfaces differ in their 
topologies on the other slices. Such a difference 
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fixGci point ( 0o , Oo , zuq ) 


p 


11 


A /n 


I\IQ 


st&bility 


M 


( 0, 0, ) 













marginal 


Fn 




— fl 970990 


-I- 




— 1 36866 


nip 


E2 


( 0.893673,-0.112256, 0.069923) 


-1.197415 


+ 


A 


-1.86763 


stable 


E3 


(-0.288681, 0.321980, 0.213335) 


0.616424 


+ 


D 


-0.639169 


stable 


E4 


(-0.507533, 0.312010, -0.094005) 


0.507265 


+ 


D 


-0.537467 


stable 


Ci 


(-0.689409, 0.175760, 0.177498) 


-0.970990 




A 


1.36866 


unstable 


C2 


(-0.893673, 0.112256,-0.069923) 


- 1.197415 




A 


1.86763 


unstable 


C3 


( 0.288681,-0.321980,-0.213335) 


0.616424 




D 


0.639169 


unstable 


C4 


( 0.507533, -0.312010, 0.094005) 


0.507265 




D 


0.537467 


unstable 



TABLE III: Fixed points of the Einstein-Gauss-Bonnet-dilaton system in the string frame and their properties. 
All solutions except for the Minkowski space (M) show the power-law expansion as a = . The cosmic time in 
four dimensions r takes the value in the range of t : — oo — >■ for the negative power exponent (P < 0), while in 
the range of t : — oo for the positive power exponent (P > 0). Mo is the eigenvalue of the perturbation matrix 
Mq. H is the Hubble expansion parameter in four-dimensional our universe. A and D denote the accelerating 
universe and the decelerating universe, respectively. 



may affect the global dynamics of cosmological so- lutions, although the local stabilities are the same. 
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on the other slices. 
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